2010

All questions may be attempted but only marks obtained on the best four solutions will
count.

The use of an electronic calculator is not permitted in this examination.

1. (a) State what it means for a real sequence to converge.

We say that the sequence (z,) converges to (and write limz, = 1) if, given € > 0
we can find a number N, such that, whenever n > N, we have T, — | <e.

(or Ve > 0, 3N such that n > N = |z, — || < €.)

(b) Use the definition of convergence (not the combination theorem and other the-
orems) to prove that

By Dl
li = 5.
ﬂl—*nc;lc 2" — 1
We have
5.97 _ 4 5_5-2‘“—4 5(2”_1)“5-271—4—5-2*%5_ 1
p AT | DD o _ 1 om ] - DRl

To make |z, — 5| < ¢, we need to have

1
2n — 1

1 = 1
i I — B AT [, R
2" — 1 €

< €

E
< 2" > -+ 1. (1)
€

1 | .
It suffices to have 2" > = + 1. Since 2" > n, it suffices to have
€

1
n>-+1. (2)
€

So we take N = 1/e + 1. Then n > N implies (2) and this implies (1), which is
equivalent to |z, — 5| < e.

(c) State the Least Upper Bound principle (continuum property)
(
Every non-empty set which is bounded above has a least upper bound.

(d) Let (zn) be an increasing sequence which is bounded above. Show that it
converges to its smallest upper bound (supremum).
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Let S = {z,,n € N}. Since the sequence (z,) is bounded above, the set S is bounded
above and (since it is non-empty) the least upper bound property guarantees the
existence of the smallest upper bound of S, which we call, say, B. We need to prove

lim z, = B.
MN—0OC

This is equivalent, by the definition of convergence to
Ve>0 IN:n>N=3|s,—~B|<e
Since 1, < B, as B is an upper bound for the sequence, we have

|z, — B|= B - z,,

Given € > 0, we know that B — ¢ is not an upper bound for the sequence, as its

smallest upper bound is B and B — ¢ < B. This means that we can find a subscript
N, such that

Ny > B — €.

Since (z,) is an increasing sequence, we have
>N =1 Dora
Moreover, z,, < B for all n € N. Therefore,

n)szB—E<$NS$nSB=:'—“>B—€<$H§B::>IIH*—B]:B*—IH<'.:f..

2. (a) State the definition of lim f(z) = L.

T—E

We say that the limit of f(z) as z tends to §1s i, 1, given € > 0 we can finda d > 0,
such that: whenever 0 < |z — €| < §, we have |f(z) — i

(or Ve > 0, 36>Osuchthat{)<|:1:—§]<6=:~|f(3:)——l[<::f.)
(b) Let f:R — R be defined by

e e 2),

fm:{ 5, (z>2).

() Prove carefully (using € and §) that f(z) is continuous at ¢ = 0.

(ii) Compute carefully (using ¢ and 4) the limits

lim f(z), lim f(z).

T—2— T—2+

Is f(z) continuous at 27
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(i) We need to prove:

Wie =l 3(5>0:’I]((§$’$2—UI<E.

Since [z°| = |z|? the condition |%| < € is equivalent to 7| < /€. We take § = \/e >
0.

(i) We will prove that

Iim f(z) =4, lim £ o) B0

IT—2— I—2+

Since the limits are not equal, the limit ]1m fix)

does not exist and the function is
_'I'-—Q
not continuous at 2.

For 111’51 J(z) = 4 we need to prove

Ve > 0 35>0:2—6<x<2:>|f(:r)—4[<e.

For z < 2 we have f(z) = 22 < 4. Therefore, |f(z) — 4| = 4 — 22, This gives

’f(:r)-—4l<6®4—~:r2<e@4—f<1:?.
If € <4 we get

’f(I)-—4'<E<:>\/4“E<’I".

We can restrict our attention to Z >0 (and < 2). Then we get

f(z)—4l<eesVi—e<g

We match

2 — 0 = d—e0 =24 —¢

We only need to prove that

CS>U<=>2-—\/4—-E>O<:>2>\/4—6'{:}4}4-6@[)}*-

This means we can take any 0 > 0 with § < 2 in t
guarantees we are still working with z > (.

For 111';1 f(z) = 5 we need to prove
IT— L4

Ve > 0 36>0:2<3:<2+(5:>]f(:1:)—-5[<:f.

But for > 2 we have f(z) =5, therefore,

f(z)=5l=15-5=0<e |
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and this holds for whatever § > 0 we take. So we have proved the right-hand limit.

(c) Let f be continuous on the compact interval a,b]. We have proved (and you
can assume) that f is bounded on [a, b)].

Prove that f achieves a maximum value d and a minimum value ¢ on [a, b].

Method 1: We know that f(z) is bounded above. By the continuum property of the
real numbers,

S={f(z);z € [a,0]}

has a supremum, call it d. We must find a § € la,b] with f(€) = d. Assume that
this is not true, i.e. for all = € la, b] we have f(z) # d. Define the function

1
d— f(z)

Since f(z) # 0 and f(z) is continuous on la, b], the combination theorem implies
that g(z) is also continuous on a,b]. Since f(z) < d, we have g(z) > 0. By the
theorem that says:

g:[a,b]—}R, 9(33):

Theorem: Let f be continuous on the compact interval |a,b]. Then f is bounded on
a, b].

we know that g(z) is bounded above on the interval la, b], say by M, which has to
be positive. Therefore,

: SM@d—f(x)z—l—@d—-l—zf(:r). Vz € [a,b].

g(z) <M & =@ I 7

So d — 1/M is an upper bound of S, less than the smallest upper bound d (the
supremum). This is a contradiction. Therefore, there exists a § € la, b with f(¢) =
d.

For the minimum we can use — f(z), which is continuous on a, b], so it achieves its
maximum on [a, b] by the statement just proven. Say, this maximum is —¢. Then
for some £ € [a, b] we have —f(€§) = —c = f(£) = c and c is the minimum of i)
on [a,b).

Method 2: We know that f/(z) is bounded above. By the continuum property of the
real numbers,

S ={f(z);z € [a,b])

has a supremum, call it d. We must find a £ € [a,b] with f(€§) = d. Consider
d—1/n < d. Since d is the smallest upper bound of S, d — 1/n is not an upper
bound of S. So we can find z,, € la,b] with f(z,) > d — 1/n. This produces a
sequence (r,), n=1,2, ... with q < Tn < 0. This sequence is bounded, so it has a
convergent subsequence z,, , r =1,2, ... by the Bolzano—Weierstrass theorem. Call
its limit €. As a < Tn, < b, we also have a < € = lim Tn, < b. By the continuity of

fz) |
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Now we have i
d > f(:rn,-) PR
il
where 1/n, — 0. By the sandwich theorem d > f(€) > d. So f(§) = d as required.

For the minimum we can use — f(z), which is continuous on la, b], so it achieves its
maximum on [a, b] by the statement just proven. Say, this maximum is —c¢. Then
for some £ € [a, b] we have — f(£) = —c = f(§) = c and c is the minimum of f(z)
on [a,b].

(d) Can you apply the theorems in (c) to the function f(z) in (b) on the interval
0, 3]7 Determine (with explanations) whether the function f(z) is bounded and/or
achieves its maximum value on [0, 3].

We cannot apply the theorems above. as the function is not continuous on the
interval |0, 3], because it is not continuous at §( = 2. This does not mean that

the conclusion of the theorems is false. In fact, f(z) is bounded and achieves a
maximum on [0, 3]:

For 0 < 2 <2, f(z) =22 € (0,4). Forz > 2, f(z) = 5 < 5. The upper bound of
f(z) is 5 on the interval [0, 5]. In fact f(z) achieves the maximum 5 at any point
z € [2,3]. The function is also bounded below by 0.

3. (a) (i) Define e for z € R as a series. Show that the series converges for all z € R.

Definition of e*:

b n 2 3 4
z_\Z _ I T i
L—;n!—l+$+2+6+ -

We use the ratio test to show convergence for all r € R.

n+1

Anp1| _ |27/ (n4+ D) | z"tinl |z |_ g 0
an | " /n! e+ D) (a4l 41
as n — 00. Since 0 < 1, the ratio tests gives convergence for all r € R.
(ii) Show that for 0 < 2 < 1 we have
e’ < : .
i S
We have for z > 0
I .0 2 3 4
er=1l+z2+—t—+—+- <14+ +28+244+...
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as the denominators are larger than 1. If, moreover, 0 < z < 1, the right-hand side
Is a geometric series which converges. Its sum is

l+zc+z°+23 420 +... =

The result follows.

O
(iii) Show that the series Z(l — e~ '™)? converges.

n=2

Hint: Use (ii) for a particular choice of z.

We take z = 1/n < 1 for n > 2. We get

1 1 1 1 .
e!/m < = e M2l = —>1-e VM= > (1-e /)2
1-1/n n n n?

The series converges by the comparison test comparing with the larger series

- 1

n=2

Second method: We know that
e">1+4+z, VrelR.

(Actually for —1 < z < 0 this was proved using (ii)). We apply this with z = —1/n.

We get
] 1
prliinss | in 5ol b BRB o
n n
The rest of the proof continuous as above.
(b)

Let a, be positive for all n € N. If the series

oC
Dt
n=1

converges, show that the series
OC

Z vV AnQon

=3 |

converges as well.

The AM-GM inequality gives:

Uy Aoy < an i a?n)
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so we compare with the series

;5({1?1 +a2n) o 'é Z_;afz+;a2n : (3)
The first series on the right is convergent by the assumption of the problem. Let

sn be the partial sums of the series )  a,. The sequence s, is convergent and,
therefore, bounded. Let t,, be the partial sums of the series Y as,, i.e.

t11:a2+a4+"'+a2n*

Clearly, as all a,, are positive, we have t,, < s,,. This implies that the Increasing
sequence t, 1s bounded above. So it converges. By definition, this means the
corresponding series ) a,, is convergent. The sum of the two convergent series on
the right of (3) is convergent and so is 1/2 of these. By the comparison test the

series ) \/a,a,, is convergent.

(c) State the Cauchy-Schwarz inequality.

Let ay,as,...,a, and by, by, ... b, be real numbers. Then
1/2 o112
a1by + agby + - -+ + anbn| < (af + a5 + - + a?) / (b7 + b5+ -+ b2) &
or

(arby + agby + -+ anbn)? < (af +a + -+ a2) - B2+ b2+ +b2).

n

4. (a) Define what it means for a sequence to be Cauchy.

We say that the sequence (z,) is Cauchy, if, given € > 0 we can find a number N,
such that, whenever n > N, and m > N, we have |z, — z,,| < e.

(or Ve > 0, 3N such that n > N and m > N = |z, — T,n| < €.)

(b) State the General Principle of Convergence.

)

A sequence is convergent if and only if it is a Cauchy sequence.

(c) Prove that every convergent sequence is a Cauchy sequence.

f

We are given that the sequence has a limit, say [, i.e. lim,z, = [. This means:
Given € > 0 we can find N such that
€
n>N=|r, -] < =.
MATH1101 - PLEASE TURN OVER
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We are asked to prove that it is Cauchy, i.e. Ve > 0, 3N such that n > N and
m 2 Ni=>|e: =21 <€

So, given € > 0 we use the same N as in the equation above to deduce that, whenever

n > N and m > N we have at the same time |z, — I| < ¢/2 and |z, — [| < €/2.
Then

IIn—:L‘m|=|3:n—~l—|—l—:r.m]§|$n—~l|+|l—-$m[<%+—;—:E+

(d) Prove that every sequence has a monotone subsequence.
[
A point y is called a peak point for the sequence, if

2Tl G

There are two possibilities. Either the sequence has infinitely many peak points, or
finitely many peak points.

Case 1: There are infinitely many peak points, i.e. we can find a sequence of Integers
ny,ng, ..., which is increasing (n; < ny < ...) such that the points z,,, z,, ... are
all peak points.

Then z,, > z,, , as z,, is a peak point. Also, z,, > z,,, as z,, is a peak point.
We continue this way to get

:E'ﬂ,] Z :Eﬂg :_>,, Iﬂg 2 )

l.e. we produced a subsequence which is decreasing.

Case 2: The are only finitely many peak points. Then we can find a largest subscript
N such that zxy is the last peak point. Set n; = N + 1. Since Tn+1 1S not a peak
point, we can find a subscript ny > n; with z,, > z,,. Since z,, is not a peak point
we can find a subscript n3 > n, with z,, > z,,. We continue this way to produce
an increasing subsequence

(e) State and prove the Bolzano—Weierstrass Theorem.

Theorem: (Bolzano-Weierstrass) Every bounded sequence in R has a convergent
subsequence.

Proof: Let (z,) be a bounded sequence. By (d) above, it has a monotone subse-
quence, say (z,,). Since the whole sequence (z,) is bounded, the subsequence (z,,. )
s also bounded. So (z, ) is a monotone and bounded sequence. Such a sequence
converges to its supremum (if it is increasing), see Problem 1 (d), or to its infimum
(if it is decreasing).
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5. (a) State and prove the Intermediate Value Theorem.

Theorem. Let f : |a,b] — R be continuous. If A lies between f(a) and f(b), then
we can find a £ between a and b such that A = f(£).

Proof: We are given that either f(a) < A < f(b) or f(a) > A > f(b). Assume that
fla) < A < f(b). Define

S ={zelab],flz) <\

Then S # 0. This is so, because a belongs to it. This set is also bounded above
by 0. The continuum property implies that S has a least upper bound, call it €.
Since a € S and b is an upper bound of S, we have ¢ € [a,b]. We will show that
f(§) = A. This will be done by contradiction. If f(£) # ), then there are two cases:
(1) f(§) < A (ii) f(&) > A

(1) Since f(§) < A, e =A— f(§) > 0. Since f is continuous at &, we can find a § > 0
such that

[z ¢l <d=|f(z) - fOl <A—f(€) =

The inequality

flz) = (&) < |f(x) = FIOI < A= f(€) = f(z) < A
means that for { —d <z < £+ 6 we have f(z) < A. Any y € (§,€ + 0) therefore

belongs to S, but £ is an upper bound of S. This is a contradiction.

(i) Since f(§) > A, e = f(§) — A > 0. Since f is continuous at £, we can find a § > 0
such that

T ¢l <d=|f(z) - fO)l < f(&) - A=¢

The inequality

F(€) = f(z) < |f(x) = FIEI < f(§) — A= —f(z) < =X = f(z) > A\,

So on the whole interval (§ — 4,€ + 6) the function has values larger than ). Take
any z € (£ —0,£). We will show that it is an upper bound of S. while it is smaller
that the least upper bound of S, namely €. This provides the desired contradiction.

Let x € S. This means that f(z) < A. Since on (£ — §, £ 4 4) the function has values
larger than A, z has to be less than £ — §. This means that £ < z. So z is an upper
bound of S as required.

If £(b) <A < f(a), then we consider —f : [a,b] — R. We apply the previous result
to this function and —A, since —f(a) < =X < —f(b). We find a ¢ in |q, b] with
— (&) = —A\. This suffices.

(b) Let f:[0,1] — [0,1] be continuous and let g : [0,1] — R be continuous with

Prove that we can find a € € [0, 1] with — |
MATHI1101 ¢ €10, 1] with 7(€) = g(¢) PLEASE TURN OVER
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We consider the function h - 0,1] — R defined by

hz) = f(x) — g(z).

Since f and g are continuous, the combination theorem gives that h is continuous.
Moreover,

7(0) = f(0) = 9(0) = f(0) 20, h(1) = f(1)-g(1)=f1)-1<0,

by the given values of g and the fact that the range of f in contained in [0, 1].
Case 1: f(0) = 0, then we take £ = 0,
Case 2: f(1) =1, then we take £ = 1.
Case 3: None of the above. This gives

h(0) >0, h(1) < 0.

We apply the Intermediate value theorem with A\ = 0 to deduce that there exists a
§ €(0,1) with A(§) = 0 = f(€) — g(£). This gives f(€) = g(€).

(c) Let f(z) be a continuous function on 0,00) with f(0) = 4. We assume we can
find a constant k such that

In|f(z)]=x+k, Vzel0, o0).

Show that
f(z) =4e™, Vze |0, 00).

We exponentiate In |f(z)| = z + k to get
|f(z)| =€ e = f(z) = +eke.
We plug f(0) =4 to get 4 = +eke® = 4 = 4ok This gives
f(z) = +4€*.

We need to prove that + is the correct sign for all z € [0, 00). It certainly is correct
for z = 0, as f(0) = 4 = 4€°. Suppose that there exists a number b with f(b) = —4e®.
Since €® > 0, we get f(b) < 0. On the other hand, f(0) = 4 > 0. The function f

Is continuous on [0, b], so we can apply the intermediate value theorem with A = 0:
We can find a £ € (0,b) with f(£) = 0. Then

0= f(§) = +4e* = £ = 0.

But the function e is positive. So this is impossible. By contradiction. there is no
such b with f(b) = —4e™®. Therefore, the + sign is correct for all z € [0, 00) :

e der:
MATHI1101 CONTINUED
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6. (a) Let n > 2 and b;,b,, ... . b, be positive numbers with

by by b, = 1.
Show that (using induction)

bl+b2+-*-+bn>n.

(

For n = 2 we need to prove
b1b22132>61+b222.

We have

1 b 4+1 | :
b1+b2:b1+b—: 1; 22¢>bf+1;-:le¢¢-b§*2b1+120<:>(b]—1)220?
] 1

which is true.

Assume that P(n) is true, 1.e. if byby---b, = 1, then we have
by +by+---4+b, >n.
We need to prove P(n + 1) ie. if byby---b, - bn+1 = 1, then we have
b, +b2+---+bn+bﬂ_+1 >n+ 1.

If all the b;’s are 1, the result is obvious. If one b, is not 1, then it has to be either
> 1 or < 1. Then there must be another b; with b; either < 1 or > 1, respectively.
Otherwise we have

bt'>1, bjzl,\jj#?::'b]bgbﬂ+l>1

or
bl'(l, bjgl,v‘j#?::}b]bg'“bﬂ+1<1_._
and this contradict b5, - - - Opiui =01

By rearranging the b,’s. we can assume that b, > 1 and b,,, < 1. This implies
(bn e I)(l — bn+1) > )< bﬂ — 1 — bnbnﬂ}‘} + b?H—l -5 0 § (4)

Since

ble T (bﬂbﬂ—i—]) =1

by inductive hypothesis we get
Or + b+ - + bobpyy > 10
We add this to (4) to get

by +by+---+b,b, F0n>=1 bbb - i = pe 2 +---4+b,+b >n+1.
MATH110] e e L P PLEASE TURN OVER
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This proves P(n + 1).

(1i) State and prove the Arithmetic Mean — Geometric Mean Inequality for n non-
negative numbers a;, a,, ... . a,.

AM-GM:

ay +az+---+a
CM=2/ar G5 g =2 " = AM.
T

Naturally the geometric mean can also be written as GM = (a; - ay - - a,)/".

Proof: If any of the a;’s are zero, then GM = 0, while AM > 0. This gives the
result. If all a;’s are non zero, then G = GM # 0. We scale the a;’s by G. Define

; .
b‘:é” = 1 )
We have - . - )
142 -+ - Qyp 122 * - - Ay,
blbi"'bn - o = 1:

P aiyas - -+ ay,

so that we can apply part (i). This gives

a a An aQy +ax+---+ a, a + as + - -
bitbyt- - +by 2N St k2 S p o >
e e G G = ”
and this is exactly
AM > GM.
(b) Define the sequence (z,) by
1 : €N
= 5t = n :
1 n+1 1+ .

Use induction to prove that
T2n < Tong2 < Top4y < Iop-;, n € N.

Deduce that the subsequences of even and odd subscripts converge to the same limit.
What does this imply for the sequence G

Let
P(ﬂ) - Top < Topyo < Loant1 < Top-1, n e N,

We compute

1 2 1 ;!
=1/(1+1)=1/2, ;= =2, x4= ==
T2 A ) / I3 1+1/2 3 T4 1+2/3 5
We see that
1 3 2
= gen i Sl o]
MATH1101 2 5 3 CONTINUED
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1.e.
Lo Lo g < &y
This means that P(1) is true.

We assume that P(n) is true and we prove that P(n + 1) is true. This means we
assume that
P(n): Zon < Tong2 < Tons1 < Ton-i

1s true and we need to prove that

P-4 Ty < Toge < Toaga = Tongr
We have
1479, < 14Topso < 1479p41 < 1479, = 1 o 1 = 1 o 1
| 1 +x2n, 14 Tony2 14+Topr 14 Tono
= Ton+1 > T2n+3 > Ton+2 > Ton. (5)

This only proves 9,41 > Tony3 from P(n + 1). We use the inequality at the left
end of (5) to deduce from this that

1 1
1+ Tony3 < 1+ 2241 = > == Ton+4 > T2n42-
1+ Zopn43 14 ZTony

We use the middle inequality in (5):

1 1
Tony2 < Tong3z = 1+Tongo < 14+Topny3 =— > & T2n+3 > Tan44.
1 + Zop 49 1+ Lon+43

This proves P(n + 1).

The subsequence of odd subscripts is strictly decreasing and bounded below by x5,
so 1t converges to 1ts largest lower bound. The subsequence of even subscripts is
strictly increasing and bounded above by z;, so it converges to its supremum. Say

e =l Dmiss.j="m.
n n

Since (Ta,+1) 1S a subsequence of (x5, 1), we also have lim z5,,7 = m. We need to
prove that [ = m. We look at

and take limits of both sides. We get

1
= I Doy i = T =S -Eml s

+

Similarly, we look at
1

B 1 i Ton—1

Lon

and take limits of both sides. We get

_ 1
T o — R g
14+ m

We subtract to get | = m. As both subsequences of even and odd subscripts converge
to the same limit, the whole sequence converges to this limit.
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